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Abstract
Simple formulas for the probability of radiation of twisted photons by scalar and Dirac particles with
quantum recoil taken into account are derived. We show that the quantum recoil does not spoil the
selection rule for the forward radiation of twisted photons in the planar undulator: m + n is an even
number, where n is the harmonic number and m is the projection of the total angular momentum of the
radiated twisted photon. The explicit formulas for the radiation probability of twisted photons produced
in the planar wiggler are obtained with account for the quantum recoil. The radiation of twisted photons
by GeV electrons in the planar wiggler and in the crystalline undulator is investigated.
1 Introduction
A rigorous definition of twisted photons in QED is as follows: the twisted photons are the quanta of the
electromagnetic field with the definite energy k0, the momentum projection k3, the projection of the total
angular momentum m on the same axis, and the helicity s. We will call the axis that appears in the definition
of twisted photons as the detector axis. The mass-shell condition for such photons reads as k0 = (k23 +k2⊥)
1/2.
In the paraxial approximation, n⊥ := k⊥/k0  1, the projection of the orbital angular momentum l is defined.
It is related to the helicity and the total angular momentum as l = m− s. By its definition, the projection
of angular momentum changes under the shifts of the axis with respect to which it is defined. In performing
such a shift, a photon state with the definite projection of the total angular momentum m passes into a
superposition of twisted states with all the possible projections m [1].
Due to peculiar properties of twisted photons stemming from the fact that they are quanta with the
definite projection of angular momentum m, the twisted electromagnetic waves provide new instruments for
study and solution of fundamental and technical problems. For example, the twisted photons were used in
telecommunication to increase the capacity of a channel by employing the projection of angular momentum
as an additional quantum number that carries information [2]. In microscopy, the use of twisted photons
resulted in overcoming the diffraction limit [3]. In astrophysics, the twisted photons were used to perform a
high-contrast coronagraph [4]. The optical tweezers based on twisted photons were employed to manipulate
nanoparticles [5, 6]. The peculiarities of interaction of twisted photons with atoms were investigated in many
papers (see, e.g., [7–10]). As for interaction of twisted photons with nuclei, we refer to the works [11, 12].
The simplest means to create twisted electromagnetic wave is to convert an ordinary plane-wave radiation
to a twisted one by employing the holographic or phase plates [9]. However, this approach is unapplicable
for production of hard twisted photons in the x-ray and gamma spectral ranges. The pioneering theoretical
proposals for generation of hard twisted photons were based on the use of inverse Compton scattering [13–
15], its nonrelativistic limit [11, 16], and channeling [17, 18]. The charges moving along helical trajectories
provide a pure source of twisted photons with definite projection of the total angular momentum [19–26].
This observation was confirmed experimentally in the radiation of helical undulators [22, 27, 28]. There are
other ways to produce hard twisted photons. For example, they can be generated in irradiating a plasma by
intense laser beams [29] and in the transition and Vavilov-Cherenkov radiations [30]. Recently, modifying the
well-known Baier-Katkov method [31, 32], the general theory of radiation of twisted photons with account for
the quantum recoil was developed for both scalar and Dirac particles [26]. In particular, it was shown there
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that MeV twisted photons can be generated by 180 GeV electrons in the helical wiggler and by 51.1 MeV
electrons evolving in the laser wave produced by the free-electron laser with photon energy 1 keV. Sufficiently
strong electromagnetic fields of CO2 and Ti:Sa lasers can be employed for production of keV twisted photons
by 256 MeV electrons.
Modern detectors of twisted photons have a rather compact form [33, 34] and are applicable in a quite
wide spectral range. The impressive achievements were reached in the methods of sorting electromagnetic
radiation by the states with definite projection of the total angular momentum. Nowadays, they allow one to
discriminate the projections of angular momentum within the range |lmax| 6 30 [35]. Such a wide resolution
of the twisted photon detectors can be used for detailed analysis of the matter structure by twisted photons.
It should be noted, however, that the design of twisted photon sorters in the x-ray and gamma ranges is still
an open problem [36]. As for the x-ray photons with definite projection of the orbital angular momentum, a
triangle aperture can be used as the simplest detector [37, 38].
2 Constant energy approximation
We use in this paper the system of units such that ~ = 1, c = 1, and e2 = 4piα, where α ≈ 1/137 is the fine
structure constant. To describe the radiation of twisted photons, it is convenient to introduce the basis
e± := e1 ± ie2, e3, (1)
where {e1, e2, e3} is a right-handed orthonormal triple and e3 is directed along the detector axis. Any vector
can be written as
r = r3e3 +
1
2
(
r+e− + r−e+
)
, r± = (r, e±), r3 = (x, e3). (2)
In the paper [26], the formulas were obtained for the probability of radiation of twisted photons by relativistic
charged particles with the quantum recoil taken into account. These formulas are the analog of semiclassical
formulas for the probability of radiation of plane-wave photons with the quantum recoil [31, 32]. For the
charged scalar particle, we have
dP (s,m, k⊥, k3) = e2
∣∣∣ ∫ ∞
−∞
dte−i[k0−k
2
⊥/(2P0i)]qit+iqik3x3q1/2(t)
(
1
2
[
x˙+a− + x˙−a+
]
+ x˙3a3
)∣∣∣2( k⊥
2k0
)3dk3dk⊥
2pi2
.
(3)
where x(t) is found by solving the Lorentz equations for a charged particle in the given electromagnetic
field and t is the laboratory time. The trajectory x(t) describes approximately the motion of the center of
particle’s wave-packet. Also
P0(t) := meγ(t), P
′
0(t) := P0(t)− k0, q(t) := P0(t)/P ′0(t), (4)
where me is the electron mass and γ(t) is the Lorentz factor. Besides, qi = P0i/P ′0i = const, where P0i is the
initial energy of the particle. The notation has been introduced:
a3 ≡ a3(m, k3, k⊥;x) = Jm(k⊥|x+|)eim arg(x+) =: jm(k⊥x+, k⊥x−),
a± ≡ a±(s,m, k⊥;x) = ik⊥
sk0 ± k3 jm±1(k⊥x+, k⊥x−).
(5)
As far as the Dirac fermions are concerned, the formula is written as
dP (s,m, k⊥, k3) = e2
∫ ∞
−∞
dt1dt2
4P ′01P ′02
e−i(k0−k
2
⊥/(2P0i))qi(t2−t1)+ik3qi(x23−x13)×
×
{
(P01 + P
′
01)(P02 + P
′
02)(
1
2 [x˙1−a
∗
− + x˙1+a
∗
+] + x˙13a
∗
3)(
1
2 [x˙2+a− + x˙2−a+] + x˙23a3)+
+
k20
4
[
(x˙1+a
∗
+ − in⊥a∗+(m− 1))(x˙2−a+ + in⊥a+(m− 1))+
+ (x˙1−a∗− + in⊥a
∗
−(m+ 1))(x˙2+a− − in⊥a−(m+ 1))
]}( k⊥
2k0
)3dk3dk⊥
2pi2
,
(6)
where n⊥ := k⊥/k0, n3 := (1− n2⊥)1/2, and, for brevity, we denote
a± ≡ a±(s,m, k3, k⊥;x2), a3 ≡ a3(s,m, k⊥;x2),
a∗± ≡ a∗±(s,m, k3, k⊥;x1), a∗3 ≡ a∗3(s,m, k⊥;x1).
(7)
2
In formula (6), only those arguments of the mode functions are indicated that differ from (7) and x1,2 :=
x(t1,2). These formulas were derived in [26] under the assumptions
k0/P0 . 1, |x˙±| ∼ κ/γ, |x˙3| ≈ 1, |x˙3 − n3| . κ2/γ2, |n⊥| . κ/γ, n3 ≈ 1, (8)
where κ = max(1,K),K = 〈β⊥〉γ is the undulator strength parameter [24, 39]. It is that region of parameters
where the main part of radiation of a relativistic particle is concentrated.
Formulas (3), (6) simplify in the case when the energy of a particle, P0(t), is constant or its change is
negligible on the radiation formation scale. In the leading order in κ/γ, the expression entering into the
radiation amplitude for a scalar particle (3) becomes
1
2
[
x˙+a− + x˙−a+
]
+ x˙3a3 ≈ jm + six˙s
n⊥
jm−s. (9)
Then formula (3) for a scalar particle is reduced to
dP (s,m, k⊥, k3) = qie2
∣∣∣ ∫ dte−i(k0−k2⊥/(2P0i))qit+ik3qix3(a3 + 12 x˙sa−s)∣∣∣2( k⊥2k0
)3dk3dk⊥
2pi2
. (10)
In the case of a Dirac particle, the spin contributions have the form
x˙∓a± ± in⊥a±(m∓ 1) ≈ (s∓ 1)
( ix˙∓
n⊥
jm±1 ∓ jm
)
, (11)
in the leading order in κ/γ. Only one of the two terms survives for any given value of the helicity s. As a
result, the sum of these contributions can be written as
dPa(s,m, k⊥, k3) = e2
(1− qi)2
4
∣∣∣ ∫ dte−i(k0−k2⊥/(2P0i))qit+ik3qix3(a3 + 12 x˙sa−s)∣∣∣2( k⊥2k0
)3dk3dk⊥
2pi2
. (12)
The main contribution to (6) is obtained from (10) by replacing the common factor qi by (1 + qi)2/4. Adding
the spin contributions (12) to the main one, we arrive at
dP (s,m, k⊥, k3) =
1 + q2i
2
e2
∣∣∣ ∫ dte−i(k0−k2⊥/(2P0i))qit+ik3qix3(a3 + 12 x˙sa−s)∣∣∣2( k⊥2k0
)3dk3dk⊥
2pi2
. (13)
The validity of the derived formulas is confirmed by the particular examples considered in [24, 26, 40]. We see
that, in this approximation, the radiation probability is a modulus squared of the radiation amplitude taking
into account the quantum recoil. This amplitude can be used describe the coherent effects in the radiation
of beams of charged particles [30, 41, 42] caused by their transverse structure.
3 Planar Wiggler
As an application of the above formulas, let us consider the radiation of a charged particle in a planar
undulator or in a laser wave with linear polarization. In those cases, the charged particle moves along
the z axis uniformly and rectilinearly with the velocity β‖ ≈ 1 for t < −TN/2 and t > TN/2. As for
t ∈ [−TN/2, TN/2], the particle evolves along the trajectory (see, e.g, [39])
x3 = β‖t−
β‖K2
4ωγ2
sin(2ωt), x1 = 0, x2 =
√
2β‖K
γω
sin(ωt), (14)
where t is the laboratory time, T = 2pi/ω is the oscillation period, and N  1 is the number of periods
(the number of sections in the undulator). In fact, the second term in x3(t) can be neglected under the
assumptions (8). The trajectory is joined continuously at the end-points of the interval [−TN/2, TN/2]. The
undulators in the wiggler regime correspond to K & 1 and K/γ  1 (see for details, e.g., [39]).
Performing the calculations along the lines of [24], where the radiation of twisted photons in planar
undulators without the quantum recoil was considered, we deduce the radiation amplitude
A =
+∞∑
n=1
δN
[
k0qi(1− k0n2⊥/(2P0i))− qik3β‖ − ωn
](
fn,m − K√
2γn⊥
(
fn+1,m−s + fn−1,m−s
))
, (15)
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Figure 1: The forward radiation of twisted photons by 180 GeV unpolarized electrons in the planar wiggler. The seventh
harmonic is presented. The wiggler period is 0.72 cm, the number of periods N = 15, and the magnetic field strength in the
wiggler is 63 kG. The quantum recoil reduces the energy of radiated photons by 1.38 keV in comparison with the classical
formula. The ratio of probabilities (13) and (10) calculated by the use of formulas (3), (6) is constant over the whole domain of
the variables k0 and m. It is equal to (1 + q2i )/(2qi) =: 1 + η. The main plot: The distribution over m of incoherently radiated
twisted photons by the axially symmetric Gaussian bunch of particles with the transverse size σ⊥ = 125 µm (see the details in
[41, 42]). The parameter ` is the projection of the total angular momentum of radiated photons per photon. It coincides with
the same quantity for the radiation by one particle (right inset) in accordance with the theorem proved in [41]. The left inset:
The probability to record a twisted photon produced by electrons in the wiggler against the photon energy. The photon energy
is measured in the electron rest energies. The right inset: The probability distribution over m of radiated twisted photons by
the electron moving along the center of the bunch. The selection rule m+ n is an even number is fulfilled for n = 7.
where
δN [xn] :=
∫ +TN/2
−TN/2
dt
2pi
e−itxn =
sin(TNxn/2)
pixn
, (16)
and
fn,m = pi(1 + (−1)n+m)
+∞∑
k=−∞
(−1)kJk
(
qi
β‖K2k0
4ωγ2
)
J(n−m)/2−k
(β‖Kk⊥√
2ωγ
)
J(n+m)/2−k
(β‖Kk⊥√
2ωγ
)
. (17)
As in the case of radiation without the quantum recoil [24], it follows from formulas (17) and (15) that the
selection rule m+ n is an even number is obeyed.
In the general case, the energy spectrum of radiated photons following from (15) has a rather awkward
form [26]. Nevertheless, neglecting the term k0n2⊥/(2P0) in the argument of the delta function, we come to
k0 =
nω
1− n3β‖ + nω/P0i
⇔ 1
k0
=
1
k¯0
+
1
P0i
, (18)
where k¯0 is the energy of radiated photons without the quantum recoil. It is seen from this expression that
the energy of radiated photons cannot exceed the energy of a radiating particle.
As a result, the probability of radiation of a twisted photon by a charged scalar particle is
dP (s,m, k⊥, k3) = qie2δ2N
[
k0qi(1− k0n2⊥/(2P0i))− qik3β‖ − ωn
]×
×
∣∣∣fn,m − K√
2γn⊥
(
fn+1,m−s + fn−1,m−s
)∣∣∣2( k⊥
2k0
)3dk3dk⊥
2pi2
.
(19)
As for the Dirac particle, we find
dP (s,m, k⊥, k3) =
1 + q2i
2
e2δ2N
[
k0qi(1− k0n2⊥/(2P0i))− qik3β‖ − ωn
]×
×
∣∣∣fn,m − K√
2γn⊥
(
fn+1,m−s + fn−1,m−s
)∣∣∣2( k⊥
2k0
)3dk3dk⊥
2pi2
.
(20)
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Figure 2: The forward radiation of twisted photons by 2.56 GeV unpolarized electrons in the crystalline undulator. The second
harmonic is presented. The trajectory has the form (14) with ω = 2piβ‖/λ0, the period of crystalline undulator is λ0 = 23 µm,
the amplitude of oscillations of electron’s trajectory is a = 1 nm. The number of sections is N = 15. These parameters are taken
from [45]. The quantum recoil reduces the energy of radiated photons by 1.39 keV in comparison with the classical formula. The
ratio of probabilities (13) and (10) calculated by the use of formulas (3), (6) is constant over the whole domain of the variables
k0 and m. It is equal to (1+ q2i )/(2qi) = 1+ η. The main plot: The distribution over m of incoherently radiated twisted photons
by the axially symmetric Gaussian bunch of particles with the transverse size σ⊥ = 125 µm. The projection of the total angular
momentum of radiated photons per photon ` coincides with the same quantity for the radiation by one particle. The left inset:
The difference between the probability (13) and the same quantity given by the classical formula [24] against the photon energy.
The photon energy is measured in the electron rest energies. The right inset: The probability distribution over m of radiated
twisted photons by the electron moving along the center of the bunch. The selection rule m + n is an even number is fulfilled
for n = 2.
The probability of radiation of twisted photons by a beam of relativistic particles can easily be obtained
from (19), (20) by employing the formulas presented in [30, 41, 42].
The coherent radiation of helically microbunched beams of charged particles is concentrated at the har-
monics [42]
k0 = 2piχncβ3/δ, χnc > 0, nc ∈ Z, (21)
stemming from the periodic structure of the beam. Here the undulator radiation of the beam is considered,
nc is the number of the coherent harmonic, χ specifies the handedness of the bunch, and δ is the helix pitch
in the laboratory reference frame. For the coherent radiation of such a beam, the strong addition rule is
fulfilled [42]. Namely, the spectrum of twisted photons over m produced at the nc-th coherent harmonic is
shifted by nc with respect to the radiation spectrum of twisted photons over m produced by one particle
moving along the beam center. As a result, the projection of the total angular momentum per photon, `ρ,
can be increased as `ρ = `1 + χnc, where `1 is the projection of the total angular momentum per photon for
the radiation generated by one particle moving along the beam center. The helically microbunched beams
of charged particles were already used in experiments for generation of twisted photons with orbital angular
momentum [43]. The details of experimental techniques used for imprinting the helical structure on the beam
can be found in [44].
As the particular examples we consider the radiation of twisted photons by the planar wiggler Fig. 1
and crystalline undulator Fig. 2. The ratio of the radiation probability for the Dirac particle and the same
quantity for the scalar one coincides perfectly with (1+q2i )/(2qi). The selection rule m+n is an even number
is satisfied.
4 Conclusion
Let us briefly recapitulate the results. Starting from the general formulas for the radiation probability of
twisted photons with quantum recoil taken into account that were derived in [26], we obtained simpler
formulas under the assumptions that the radiated photons are paraxial and the energy of a charged particle
5
as it is given by the Lorentz equations can be regarded as a constant. The radiation of both scalar and
Dirac charged particles was investigated. As an application of these general formulas, the explicit formulas
for the radiation probability of twisted photons by charged particles in planar undulators were deduced. It
was proved that the selection rule established in [24] for the radiation of twisted photons by charged particles
in planar undulators when the quantum recoil is discarded holds also in the case when this recoil is included
into the theory. The numerical simulations for the radiation of twisted photons in the planar wiggler and the
crystalline undulator showed a good agreement with the general formulas derived.
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